BORDISM AND REGULAR HOMOTOPY OF LOW-DIMENSIONAL IMMERSIONS JOHN FORBES HUGHES
In this paper we study the geometric characteristics of low-dimensional immersions. Smale We also relate the invariants of an immersion which hounds an immersion of a manifold of one higher dimension to the characteristic classes of that manifold.
1. Notation, definitions, and preliminary results. We begin by establishing our notation and definitions. All manifolds and maps in this paper are smooth, unless otherwise noted. DEFINITION . A k-frame in a vector space is an ordered /c-tuple of linearly independent vectors v ι , ... , v k . A /c-frame in a /c-dimensional space may be considered an ordered basis of the space. Frames are denoted by square brackets, and we implicitly extend any maximal rank linear map between vector spaces V and W to also take frames in V to frames in W, by defining DEFINITION. V n k denotes the Stiefel manifold of ^-frames in R n . If N is an n-plane bundle, J^(iV) denotes the associated bundle of -frames. NOTATION . TM denotes the tangent bundle of the manifold M. The bundle projection is denoted by π . For a typical point p of M, the fiber over p, π~ι (p) , is denoted by T P M.
A tangent vector at p is an element of T P M, and is typically written with a subscript to indicate this: v p .
If p is a point of a parallelizable n-manifold and a parallelization has been fixed, tangent vectors at p may be identified with the corresponding vectors in R n and written (υ p), where w is a vector in R n .
If p is a point of a manifold ΛP , then a frame at p is a frame in the tangent space to M at p, i.e., an n-tuple of linearly independent vectors [υ p , ... , v p ]. In the event that the manifold is parallelizable and a parallelization φ: M xR n -> TM: (p, v) indicates that A is a matrix with columns A 1 through A n . We will often consider a matrix as a frame made of its columns, or a frame as a matrix whose columns are the vectors of the frame.
Convention. In homotopy calculations, basepoints are often required. The basepoint for every matrix group is the identity matrix, written I n (for the n by n identity). The basepoint for V nk is the frame [e ι , ... , e k ].
is an oriented manifold with boundary, then an outward normal is any vector v such that there is a curve γ in M with (dM) . Proof. Let H be the regular homotopy from / to g. Then the derivative of H is the homotopy from Tf to Tg.
DEFINITION. We will often need to refer to various points and regions of the ^-sphere. The point (0, ... , 1) is called the north pole; the point (0, ... , -1) is the south pole. The points (xo, ... , XjJ with x k > 0 constitute the northern hemisphere, which is denoted S+ those with x k < 0 are the southern hemisphere, denoted 5*. The arctic and antarctic regions are those parts of the sphere where x k > 1/2 and x k < 1/2, respectively, and the temperate zone is the region -1/2 < x k < 1/2. REMARK. Any good immersion / that agrees with the standard one on a neighborhood of the south pole (say on {(x 0 , ... , Xk)\Xk < ~a) ? where 0 < a < 1) is regularly homotopic to one that agrees with the standard embedding on the entire southern hemisphere, which can be seen by considering g t (x) = H t (f(H^ι(x))), where
Clearly H o is the identity, and hence g 0 = f. But g\ agrees with the standard embedding on the entire southern hemisphere, and is homotopic to / though the maps g t9 t e [0, 1].
The assumption that an immersion is good guarantees that its differential takes the standard frame for the tangent plane to the south pole to the standard k-frame in the tangent space to R n at the image of the south pole. This is needed for basepoints in homotopy computations. It will turn out to be unimportant, since most of the homotopy groups are of topological groups, hence abelian and basepoint independent. All codimension one immersions of spheres will be assumed good unless otherwise noted. Even higher codimension immersions may be assumed good without loss of generality (see the remark following Theorem 1.4). DEFINITION and
agree on the equator, dN. Let
and let By applying the Gram-Schmidt process to elements of V n^n we may alter /(/) to a map /(/): S n~ι -• SO(n). Because / is good, we know that /(/) (south pole) = I n , the identity matrix. Thus /(/) G REMARK. Ί(f) is, roughly, the map induced by the differential of the "tangent-plus-normaΓ map of / evidently if / and g are regularly homotopic (rel the south pole), then 7(f)=7(g) in π π _i (SO(n)). DEFINITION The hatch marks on the circle denote the division between the southern and northern hemisphere, i.e., the equator, and the dot denotes the south pole.
Step 2 
(e(T p (H t of)(σ(p))), peN, tUi I e(T p (H t o i)(σ(j(p))))
, P e S n~{ -N. Step 3. Choose a particular framing, σ, of the upper hemisphere. 
Step 4. Construct a map isotopic to 7(/). Recall that = Goe(T p f[el,...,e n p ]). Step 5. Observe that Goc(I\ [f] ) and 7\(f) are identical, and thus prove the lemma.
If we let = G o e(T p (H t o f)[T Ht{p) H-
Writing out the formula for 7\ (/), we get 
= L
Thus the two maps agree on both hemispheres, and the lemma is proved.
We now define three sets of immersions, using the notions of bordism and regular homotopy. Bordism and oriented bordism of immersions are defined in [Wel66] . Essentially, two immersions of kmanifolds in n-space are bordant if there is an immersion of a k+l manifold-with-boundary in R n x [0, 1] whose boundary consists of the original immersions. REMARK. Both I(n,k) and SI(ΛI, A:) are groups under the operation of "disjoint union of immersions." The inverse of an immersion in I(n, k) is gotten by reflecting through a hyperplane (see [Wel66] ). That this is not the inverse in SI(n, k) will become apparent (see Lemma 2.5 and the discussion at the start of §4).
REMARK. Smale's theorem gives a correspondence of a set, namely Imm(S*, R n ), with a group, π k (V n k ), thus putting a group structure on the set. The following definition of connect-sum of immersions gives a geometric operation on Imm^, R n ). The theorem following it shows that this geometric operation corresponds to the group operation in [ ) DEFINITION (oriented connect sum of immersions). Given two good immersions f,g:S k -^R n , f is regularly homotopic to an immersion / agreeing with the standard embedding on all except a disk^jri the northern half of the eastern hemisphere, (i.e., x^+ 1 > 0, x^ > 0). Similarly g is regularly homotopic to g which agrees with the standard embedding on all except the northern half of the western hemisphere x k+x > 0, We now define the oriented-connect-sum (or just connect-sum) of (the regular homotopy classes of) / and g, f#g, to be the immersion Note that the homotopy product of /(/) and I(g) is gotten by adjoining the pictures for /(/) and I(g) along a face, and can thus be shown as in Figure 1 .7. This is evidently homotopic to I{f#g).
REMARK. The constraint that an immersion be good ensures that the south pole is taken to a particular frame in V nk , i.e., ensures that basepoints are preserved so that the elements of the homotopy groups all have the same basepoint. But if π\(X) acts trivially on n n (X) 9 then basepoints are irrelevant in π n (X).
This happens in particular for V n j c when n>k+l (since π\ is then zero, see [Ste51, §25.6]). Also, if n -k + 1, our computation yields an element not of π/!-i(*Λ,Λ-i) but of π Λ _i(SO(n)). Now SO(w), being a topological group, is n-simple (i.e., has trivial π\ action on π n ) for every n (see [Ste51, 25.6, 16 .6]). Thus we may expand the definition of / to take regular homotopy classes of (not necessarily good) immersions to elements of homotopy groups of either Stieίfel manifolds or special orthogonal groups.
Nonetheless, it is important to restrict our attention to good immersions when we apply Smale's theorem to compute n\ of the space of immersions of S k in R n . For example, when k = 2 and n = 1, a generator for the fundamental group of the space of all immersions is given by spinning the standard embedding of the sphere on its axis. This is one of two generators. The second is also a generator of the fundamental group of the space of good immersions, and is gotten by everting the sphere twice (see [MB81] ).
In the "free homotopy" setting (i.e., no goodness constraint) Figure  1 .8 should make it clear that the oriented connect sum of immersions, as just defined, is regularly homotopic to the immersion one gets by Proof. The proof is similar to that of Lemma 1.2, and consists of adjusting the domains to make the two maps agree. We leave the details to the reader.
Henceforth we will use f#g to denote either oriented-or tubeconnect-sum. The proof of this theorem requires several preliminary results. Finally, the result for reflection in the y-z-w -plane follows because reflection through the x-axis and reflection in the y-z-w -plane are isotopic.
LEMMA 2.4. The composition of the standard embedding with reflection through the x-axis of R 4 , namely r(x, y, z, w) = x, -y, -z, -ΊU , is an immersion with invariants (-2, 1). The same is true when the embedding is composed with reflection through the y-z-w-plane, r(x, y, z, w) = (-x, y, z,
REMARK. One way to check this theorem is with a bordism calculation. The / homomorphism, which takes regular homotopy classes of immersions of S n in i? w+1 and considers them as bordism classes of immersed n-manifolds in R n + X , is the same as the classical ^?-homomorphism from π n SO(n + 1) -> π s n (R. Lee, communicated through Carter). In the case of π^ SO(4) to πf, it factors through π3 SO(5) by inclusion. Since the reflection of the standard sphere is evidently null-bordant, /(-2, ή) = 0, whatever the right n may be.
But in this dimension, J(x 9 y) = x + 2y mod 24. Since we know n = ±1, the only possible conclusion is n = 1. 
is an immersion with invariants (s, p), and r: R 4 -• R denotes reflection in the x-axis t then the immersion invariants of TO f are given by I(rof) = {-2-s, l+p+s).
Proof. Again the proof relies on choosing the proper extension for rof given an extension, /, of / to *S 3 x/. In this case, an orientation preserving extension of r o f is given by (q~ι) . Applying this to the formula for Tf, we get . Applying this deformation pointwise to the frames i(dJ) and d J proves the lemma, since / and η commute.
We may therefore conclude that for the regular homotopy /, dJ is a generator of π 3 V$ 9 3 .
We now alter the choice of the frame that is pushed forward. Since any two (oriented) framings of the trivial 3-plane bundle over the lower hemisphere (i.e., sections of the frame bundle of this bundle) are homotopic (the lower hemisphere is contractible), we pick a homotopy H from the framing [ gotten by capping off the track of the doubled Froissart-Morin eversion. To do this, we identify S 3 once and for all as the union of three parts: a lower hemisphere, consisting of those points of a unit sphere with center (0,0,0,0) whose fourth coordinate is non-positive; a center cylinder, S 2 x /, with radius 1 and the segment from (0,0,0,0) to (0,0,0, 1) as its axis; and an upper unit hemisphere, with center at (0, 0, 0, 1), and whose points all have further coordinate greater than or equal to one (see Figure  2 .1).
We immerse this sphere into R 4 in three parts as well: the lower hemisphere is immersed by the identity; the center cylinder is immersed by the track of the regular homotopy / and the upper hemisphere is immersed by the identity as well. This is the immersion we call E.
To evaluate the immersion invariant, we extend this to an orientation preserving immersion of a neighborhood of S 3 . We then push forward the standard frame at each point by the differential of this extended immersion to get an element of n{V^^ = π$ SO(4), which is the immersion invariant.
Let us compute this invariant piece-by-piece as well. On both the northern and southern hemispheres, the original immersion is the identity, so that we may extend it to be the identity on a tubular neighborhood of these sets. Once we have performed this extension, the difFerential of the immersion is the identity on these regions, hence the standard frame is pushed forward to the standard frame (the basepoint of V 4i 4).
Similarly, since the northern hemisphere of S 2 , S+ , is left fixed by each stage of /, we see that S+ x / is also immersed by the identity in the original immersion. By the same argument, we may therefore extend it so that the standard frame is pushed forward to the standard frame.
Finally Proof. The proof comes in three steps:
(1) To compute I(f\dMo), we compare a pushed-forward frame from ΘMQ with the constant frame on R 4 . (2) To compute the clutching function for TM (hence compute χ(M) and p\ (Af)), we compare a framing of MQ (we use the pullback of the constant frame on R 4 ) with the constant frame on U. (3) We check orientations and some facts about conjugation in homotopy to conclude that (1) and (2) are related.
Step 0. The Gram-Schmidt process, G: SL(4) -> SO(4) induces an isomorphism in homotopy, so we work in SL(4) rather than SO(4) when it is more convenient.
Step 1. Let Step 3 The groups 7(2, 1) = Z/8Z and SI(2, 1) = Z/2Z have been extensively studied (see [Bro70] , [Car86] , [HH85] , [Ban74] , [Ecc79] , [Ecc80] ). Imm(2, 1) = 0, by Smale's theorem, with the remarkable corollary that a sphere may be turned inside out. In this section we give generators for each of these, and geometric invariants that help determine the class of an immersion in these groups.
The map Imm(S 3 , R 4 ) = Z Θ Z to SI(3,1) can be computed as follows (see Note that K has a single quadruple point. The number of quadruple points of a generic immersion, taken mod 2, is a bordism invariant, so even in 7(3, 1), K must represent a non-zero element. But 7(3, 1) = Z/2Z , so K is only non-zero class.
Similarly, if we include K into 7? 5 , we get a new immersion K': bundle is a product bundle, and is one otherwise. The total twist of the immersion is the sum of the twists along all double curves, taken mod 2. (This definition applies only to generic immersions. To apply it to a non-generic immersion, the immersion must first be perturbed to be generic.) THEOREM 
Total twist is a bordism invariant for 3-manifolds in i?
5 .
Proof. The only events that occur during a generic bordism of a 3-manifold in R 5 are (1) Addition of handles (by general position, we may assume the attaching regions for 0-, 1-, and 2-handles all miss the double curves). By turning upside down, we convert 3-handle additions to 0-handle additions, which we may once again assume to miss the double curves. The last three all occur during regular homotopies as well, and in fact away from levels at which handles are added, a bordism is a regular homotopy. It is known that twisting invariants like this are regular homotopy invariants, but we will give a few details regardless.
It is evident that (1) and (4) have no effect on the triviality of the D 2 /\D 2 bundle over any double curve in (2), only trivial new bundles are formed (which one sees by looking at a standard model of doublecurve creation), hence the total twist does not change. In case (3), we describe the situation when two distinct curves merge, and leave the remaining cases to the reader.
In a neighborhood of the double curve, the immersion must locally resemble the intersection of 3-planes in R 5 . We call each 3-plane a sheet, although this makes sense only locally.
A neighborhood of a merger must look like Figure 4 .1 in the preimage of one sheet of the intersection. The arcs are the preimages of the double curves, and the two parts of the figure show these preimages before and after the merge.
If there is a section of the D 2 ΛD 2 bundle over each sheet in Figure  4 .1 (a), we may suppose that these sections are in our sheet, and hence locally resemble In the event that both components of the double curve before the merger have twist one, a similar procedure works. One simply takes a section of the bundle, as shown in Figure 4.3(a) , away from the merger point. The dotted line indicates that the cross section is in this sheet as it approaches the merger point from one side; the absence of the dotted line in the lower half of the figure indicates that it is in the other sheet there. After the merger has taken place, the section can be made continuous, by joining the two dotted lines in Figure 4 .3(a), and joining the two dotted lines that appear in the corresponding view of the situation in the other sheet. Thus after the merger the bundle is trivial, and the total twist for these two components is unchanged.
Since there exists an immersion of S 3 in R 5 with total twist one, the twist map is onto Z/2Z . Hence we have proved Total twist is inadequate as a measure of the regular homotopy class of an immersed *S 3 in R 5 , for there are examples of embedded S 3 s in R 5 that are not regularly homotopic to the standard embedding (see [HM85] ).
